Beginning with the exact Kolmogorov power spectrum for an extended random medium (such as interstellar space), the structure function is first expressed as an inverse Fourier-Bessel transform. An approximate series representation involving fractional powers of the transverse coordinate is then optimized by an equivalent Gaussian expansion up to two terms using the Rayleigh-Ritz technique. The domains of validity as well as the coherence profile of the resulting analytical solution of the two-point electric field correlation function are examined. It is shown that the correlation in both the transverse and longitudinal directions persists over distances up to a few orders of magnitude greater than that for a medium described by a Gaussian structure function.
Introduction
The propagation of optical or radio waves through random turbulent media has been studied for various physical systems. [1] [2] [3] [4] [5] [6] [7] [8] These have included weak and strong stellar scintillations, plasma fluctuations, source and image jitters, atmospheric turbulence, and sonar transmissions. The origin of the medium randomness may be associated with various factors, namely, electron density and refractive index variations, variations in atmospheric constituents, and aerosols.
The study of such propagation problems normally involves deriving and solving a differential equation for the amplitude correlation function or the intensity covariance function of the electric field. While much numerical studies have gone into the understanding of both, it turns out that finding exact analytical solutions often remains a prohibitive task. Lerche 9 obtained a closed solution for the two-point amplitude correlation at two frequencies by assuming a Gaussian © 1989 Optical Society of America.
power spectrum and a corresponding Gaussian structure function. Such a Gaussian description is an oversimplification of the realistic power spectra (which, for astrophysical scintillations in particular, are more closely described by a Kolmogorov density); moreover, to obtain an analytical solution, it was necessary to expand the Gaussian structure up to the quadratic term only, thereby restricting the valid range of the solution in the transverse direction. Lee and Joki- We start from the Kolmogorov power spectral density function and express the medium structure function in terms of a Fourier-Bessel transform. To obtain an analytical solution of the resulting integral, the Gaussian term in the integrand is then expanded to two terms (thereby restricting the region of validity to p > 1, where I is the inner microscale of fluctuations). This leads to a series expansion up to p 2 , including fractional powers of p. To use this structure to solve for the electric field correlation in a closed form, we apply a Rayleigh-Ritz optimization to express it as an expanded Gaussian in a preselected range. The final analytical solution, therefore, has the same form as in Lerche, 9 with the exception that the range of applicability and the equivalent scale lengths are quite different from the Gaussian case.
In Sec. II, we briefly discuss the Lerche and Lee and Jokipii methods and their limitations as a prelude to our own approach. The derivation of the approximate structure function and its equivalent expanded Gaussian representation by the Rayleigh-Ritz technique are presented in Sec. III. An analytical solution for the two-point two-frequency electric field correlation, its domain of validity, and other implications are also discussed in this section. Section IV concludes this paper.
II. Truncated Gaussian and Intermediate Range Methods
A. Gaussian Power Spectrum and Approximate Analytical Solution for r 1 , Following Lerche, 9 we assume a medium with a Gaussian power spectral density
where LG 2/qG is the coherence scale of the fluctuations, and BG is a constant given by 12 B = 128
where r = e 2 /mc 2 is the classical electron radius, (N,2)
is the mean-squared electron density fluctuations, and k is the wavenumber.
Using Eq. (1), one can readily obtain the medium structure function
Next, one defines the two-point two-frequency electric field correlation as
where k and k 2 are the wavenumbers corresponding to two monochromatic waves originating from two points in the transverse domain, and * denotes the complex conjugate of the field amplitude. With the definition
where R = k/k 2 , the relevant differential equation, under a quasioptical or parabolic approximation, be-
where
is the normalized structure function, and v2 is the transverse Laplacian operator.
leads to an analytical solution for D in Eq. (6) given 
where and are normalized p and z variables, respectively, given by
The solution (8) may be readily derived by substituting rD(n,) = C)D[42X (7)] (10) into the approximated and normalized form of Eq. (6). The expansion in Eq. (7) indicates that Eq. (8) Lee and Jokipii 0 -12 have studied the angular and temporal broadening of pulsar signals as well as intensity fluctuations (the fourth moment r 22 ) by assuming a Kolmogorov power density. The medium was assumed to be extended (more realistic than a thin screen model). The fluctuation in the refractive index was given a Markov approximation (Tatarskil). It was also shown that the strong scintillation problem was not always reducible to the far field approximation (in fact, in many cases, z << L 2 /X), so that Mercier's formula 1 for a Gaussian spectrum in the Fraunhofer region was not applicable. In their approach, Lee and Jokipii begin with the modified power law spectrum
which is Kolmogorov when ao = 11/3. In Eq. (11), BK is a constant which is given by BK = 128-7/2(r 2/k4q ) (6,) [r(a/2)/r(a/2 -3/2)], c > 3, (12) and I = 1/q, is defined as the inner scale of fluctuations, while LK = 1/qo is the coherence scale. In general, qO << q, and the spectrum in Eq. (11) has an approximate shape as shown in Fig. 1 x 1 -[r(2 -/2)/r(a/2)(qop/2)a-21, a > 3. (14) However, at this point, Lee and Jokipii attempt to express AK(P) in a MacLaurin expansion around p = 0 to remove the restriction on the lower limit of p. Such an expansion is not valid because Eq. (14) was derived assuming a strictly intermediate range for p. Furthermore, the rest of their analysis pertaining to rl and F 22 , particularly for the strong scintillation limit (characterized by the scintillation index m2 = (I2)/(I)2 1), with the exception of asymptotic solutions, is essentially based on numerical integration methods. Our effort, therefore, has been to obtain an analytical solution for F 1 1 over a wider range than the intermediate, while also being closer to the Kolmogorov power spectrum than the Gaussian.
Ill.
Approximate Structure Function for Kolmogorov Power Density and Rayleigh-Ritz Optimization First, we define (p,q) to be the transform variables in the transverse space domain and the spatial wavenumber domain, respectively. By assuming cylindrical (polar) geometry, we express the structure function A(p) of a medium with a power spectral density P(q) by means of a Fourier-Bessel transform (analogous to circular aperture problems, Goodman 1 3 ):
where J 0 (-) is the zeroth-order 
we obtain two simultaneous linear equations in bo and
Now from Eq. (22) we have the normalized structure function
Comparing Eq. (25) with the truncated Gaussian expansion in Eq. (7), we may define an effective coherence scale for the Kolmogorov case by
so that
The solution of Eq. (6) with Eq. (27) has exactly the same form as Eq. (8) with the only exception being that Leff replaces LG. Thus the above technique has enabled us to express the solution for the two-point twofrequency electric field correlation for the Kolmogorov power density in the same form as that obtained by Lerche for the Gaussian case with two important differences. First, our optimized Kolmogorov solution extends from p to Pb (where Pa >> 1 and Pb 194LK, where the upper bound on Pb comes about for reasons explained later), whereas Eq. (8) applies in the range 0 p LG. Second, the scale lengths of the resulting correlation functions are Leff and LG, respectively, and (as will be shown later) are quite different.
In order that the above optimization procedure yields a meaningful effective coherence length, it is necessary to test if the expression in Eq. (26) From Fig. 4 , we find that the correlation magnitude remains relatively constant over 4 orders of magnitude of (at = 0) from q = 0 through -= 0.1 and then drops off fairly rapidly for > 0.1. The halfwidths along the cross section, on the other hand, decrease by a factor of 2 for every decade increase in ( > 10-4). We may also note that at = 0 (the plane of origin of the random medium), IrDI = 1, and the halfwidth is infinite, as expected. To see how the normalized dis- 
